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Effect of Tether Flexibility on the Tethered Shuttle Subsatellite
Stability and Control

Liu Liangdong* and Peter M. Bainuint
Howard University, Washington, D.C.

This paper investigates the effect of tether flexibility on the (in-plane) stability regions as a function of tether
tension control parameters during stationkeeping. It is found that the size of the stability regions for the flexible
tether is reduced considerably as compared with that for the rigid massive tether for some control parameters. An
alternate optimal control law, which includes additional feedback of the first vibrational mode and its rate, is
introduced; the results of stationkeeping simulations show that the transient responses of both the in-plane swing
angle and vibrations are improved as compared with previously developed control laws. For retrieval a typical
nonlinear control law, which includes the nonlinear feedback of the tether length, in-plane and out-of-plane swing
angles and their rates, is developed. Simulation results show that the amplitudes of the in-plane and out-of-plane
swing angles could be reduced significantly; also, it is demonstrated that the amplitudes of the tether vibrational
modes should be considered for the selection of the control gains.

Introduction

THE dynamics and control of tethered subsatellite systems
lave been investigated by a host of investigators. A com-

prehensive survey article was given by Misra and Modi1

recently. A tether tension control law based on the tether
length and length rate for in-plane control was formulated by
Rupp2 and represented a pioneering effort in establishing the
feasibility of control using tether tension modulation. Since
then, different tension control laws have been developed for
deployment, stationkeeping, and retrieval in order to improve
system performance. Bainum and Kumar3 applied linear opti-
mal control theory and introduced a new tether tension
control law based on tether length, length rate, in-plane pitch
angle and its rate for the case of a taut massless tether. This
control system proved to be superior to Rupp's control law
during stationkeeping operations. Also, Bainum et al.4 have
investigated the effect of tether flexibility on stability regions
for the out-of-plane motion within the linear range. They
showed that the unstable parametric resonance of the roll
motion can result under specific ratios of tether transverse
modal frequency to orbital frequency.

The first objective of this paper is to investigate the effect of
tether flexibility on the (in-plane) stability regions previously
obtained for the case of the rigid, massless tether of Ref. 3;
second, to analyze further the in-plane stability conditions
based on Rupp's control law; third, to introduce an optimal
control law that now includes feedback of the first in-plane
vibrational modal amplitude and its rate; and to compare the
transient responses for the three different tension control laws
during stationkeeping.

Because the retrieval is basically an unstable procedure,
large-amplitude oscillations could be reached for the out-of-
plane tether swing motion using a form of Rupp's control law
during retrieval. A nonlinear tension control law, which in-
cludes nonlinear feedback of the out-of-plane swing angular
rate, has been considered by Modi et al.5 The simulation
results showed that during retrieval the amplitudes of the
in-plane and out-of-plane rotation could be reduced signifi-
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cantly. An additional objective of the present paper is to
develop an extended nonlinear control law, which includes the
nonlinear feedback of the length, in-plane and out-of-plane
swing angles and their rates, to further improve the transient
responses, and to introduce some performance criterion for
choosing the control gains in order to reduce the amplitude of
the tether transverse vibrations.

System Equations of Motion
Since the Shuttle mass is much greater than the mass of

both the subsatellite and the tether, the shift of the center of
mass of the entire system from the center of the Shuttle is
neglected. The external forces assumed to act on the tethered-
subsatellite system are gravitational forces, aerodynamic
forces, and tether tension control forces. The system is as-
sumed to move in a circular orbit. However, the altitude
variations of the subsatellite caused by the orbital eccentricity
are accounted for in the aerodynamic modeling.

The Newton-Euler method has been adopted to develop the
system equations of motion. The coordinate system used in
the development of the system equations of motion is shown
in Fig. 1.

orbit

| massive, flexible tether, m

t
subsatellite, mss to Earth

Fig. 1 Tethered Shuttle subsatellite system.
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OX0Y0Z0 is an orbit-fixed reference frame centered at the
center of mass of the Shuttle, O with OX0 along the local
vertical and O Y0 along the orbit normal opposite to the orbit
angular velocity vector. OXYZ is the subsatellite-undeformed
tether reference frame (R) with OX along the undeformed
tether line.

The angles 6 and 4> are the pitch and roll angle, respec-
tively, which describe the tether in-plane and out-of-plane
swing motion. The transformation from OX0Y0ZQ to OXYZ is
assumed to be given by

— cos</> cos0 sin</>
sine/) cos0 cos0

— sin0 0

cos(/> sin0
— sin</> sin0

— cos0
(1)

The OXYZ frame (R) angular velocity, o>, can be written

(2)co = cov

— coc) sin</>
— coc) cose/)

where coc is the orbital angular velocity.
Consider the elemental mass dm whose instantaneous posi-

tion vector from the center of mass O is f (Fig. 1). In the
frame R it can be written as

r — xi + q (3)

where q is the elastic displacement vector of dm; the equations
of motion for dm can be written as6'7

ddm = L(q) +fdm + edm

and, when viscoelastic forces are to be considered, thus,

adm = L(q) + L^q) +fdm + edm (4)

where

a = inertial acceleration of dm

L(q) = elastic forces acting on dm

L\(q) = viscoelastic forces acting on dm

/= gravitational force per unit mass

e = external forces acting per unit mass

The gravity force in the frame R is given by7

where f0 is the gravity force at O expressed in the frame R.
With the Euler angle sequence shown in Fig. 1, then

to vector algebra,

a>xf + (dx(cdxr) — Mr = [

where

C0n C0n C013

C0~>i COoo COo-jZi ZZ Zj

CO'32 CO33J

and

con = -

co12 = -

col3 = 9"

(8)

(9)

(lOa)

(lOb)

(lOc)

(lOd)

(lOe)

(100

(10g)
(lOh)

(lOi)

(11)

where u represents the tether's longitudinal elastic displace-
ment, and v and w represent the displacements in orthogonal
directions transverse to the OX axis.

To obtain the Rayleigh-Ritz solution, u, v, and w can be
expanded in series form in terms of a set of admissible
functions

(12a)

(12b)

w = ).(t>n(x)<Jn(t) (12c)

- cos2(/>[(0' - I)2 + 3 cos20] + 1

cos0[(0' - I)2 + 3 cos20]

- 3 sin0 cos0 cos$

co2l = </>" + shi(/> cos<£[(0' - I)2 + 3 cos20]

co22 = - $ '2 - sin2</>[(0' - I)2 + 3 cos20] + 1

co23 = —0" sin</> + 3 sin0 cos0 sin$

co31 = —0" cos</> 4- 2(0' — 1) sin$(/>' — 3 sin0 cos0

co32 = 0" sin0 + 2(0' - 1) COS00' + 3 sin0 cos0 sin(/)

co33- = -(0r - I)2 - 3 sin20 +• 1

where ( )' = d( )/dr and i = a>ct. Let

r = (

where the functions \l>n(x) and (j>n(x) satisfy the geometric
boundary conditions. In general,

(13)

For \l/n(x), two different forms of functions have been
adopted. One is the first n eigenfunctions for the longitudinal

3 cos20cos20-l
-3sin0cos0cos2(9

3 cos<£ sinO cos6

-1.5sm2^cos^ Scos^cosesinel
3 sin20 cos20 — 1 — 3 sin<£ cos0 sin0

— 3 sin0 cos0 smO 3 sin20 — 1
= co2

MH M12 M13

A/2i A/22 A/23

[M31 M32 M33J
(6)

The vector equation, Eq. (4), can be written in the frame R
as vibration of a tether of length, f, with a particle mass, mS9 at

its end8'9
0 + r + 2coxf + coxr H- G>x(ft>xr) —f0 — Mr\dm

- L(q) - L^q) -edm=Q (7)

where r,r'are the velocity and acceleration of dm, respectively,
as seen from frame R. By assumption f0 = <20, and according

where /?„ is given by

ft, tanft = m./m., =

(14)

(15)
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Alternatively, another form of admissible function10 is given
by

(16)

Function (14) is better than the latter, Eq. (16), because of
its more obvious physical significance and the orthogonality
properties. Despite this, for system simulation in this paper,
both admissible functions have been considered and com-
pared. The question of how significant a role the undeployed
tether plays in the longitudinal displacement is still unre-
solved. Banerjee and Kane8 and Misra and Modi9 discussed
three different possibilities. In the present paper, it is assumed
that the undeployed part of the tether does not undergo any
extensional oscillation (no-slip case).

We introduce

that is,

0w= fadm
Js,t

lx= xdm
Js,t

^= x(t>ndm
Js,t

+n = x\l/ndm
Js,t

\l/ndmIll/n =
Js,t

H<M>= <l>n<l>n
Js,t

= x(t>f
ndm

J*,'

Hxx = x2dm
Js,t

= r
]s,t

= f0M0/i ~ l,t
I*' — \ *ls'ndm, etc.

Jv
(17)

where the subscript s,t designates the integration over the
subsatellite and the tether. With the form of Eq. (16), \j/n is
not orthogonal; with the form of Eq. (14), \l/n is orthogonal.
By using Eqs. (14) and (15), the following results are
obtained:

Hxll/n =

-{
Let

0 w # «
5»i,(l + /ns sin2j8n/m() w = n

t = tc + A/

(18a)

(18b)

(19)

where £c is the tether commanded length.
By projecting Eq. (7) along the X axis and integrating the

result over the subsatellite and tether, the translation equation
of motion can be obtained as

(Hi, + m,)(Ar + rc) + 2(0' - 1) cos4> £ I+m(C'H

= (Flx + Fex)/w2
c (20)

The equations of rotational motion of the system can be
obtained by the following operation:

1r*[Eq. (7)]=0 (21a)

Js>t
|

Js,t
= | rxedm

(21b)

By projecting Eq. (21) along the 7 and Z axes, respective! ,̂
the rotational equations for the pitch (in-plane swing) and roll
(out-of-plane swing) are obtained as

•z^y
m J

" + O + 2(0' -

Hx*mAm + HW Z CnC'n
n

ir*m + Z H*m*
\ «

[l (n*. + Z HMmAm V] - WH* % cns'n
\_n \ m / J n

« + Z 2^™ + Z ̂
w \ n

Z («**„ + Z «**^» VI - Z
_ w \ m / _| w

z z ̂ * " ~
(22)

" + ̂ 3 - 2(0' - 1)

- 1) sin^ +

^^ +Z Z

+ ("22 - « > l l ) l ^x*. + Z
L" \ ™

- a>i2#* Z *.2 - «>i3ff** Z

- z (z #**Am \ n

(23)

where the terms FeA., L^, and Lcz are contributed by the
aerodynamic forces,11 and Flx is the tension control force.
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The nth longitudinal and vibrational mode equations are
obtained by the following operations:

f <MEq. (7)Lr = <
Js,t

^w[Eq. (7)]y = (
Js,t

f <UEq. (7)]z = <
Js,t

(24)

(25)

(26)

where [Eq. (7)]^, [Eq. (7)]y, and [Eq. (7)]z mean the projec-
tion of vector Eq. (7) on the X, Y, and Z axes, respectively.

In Eq. (24) the longitudinal elastic force term for the tether
differential mass, dm, can be expressed as

[L(q)}x = L(u)=EA^2dx =

and for the subsatellite

'-AJV)4x (27)

]?r A*M (28>,. ox x = f

Hence,

where

Kmn = •

(29)

(30)

After some algebraic manipulations,

Kmn=ilEA
m=n

for

(31)

-1) for ^m=(xlf)m (32)

In Eq. (25), the transverse elastic force term for dm of the
tether is

S ( dv
-\FT-= L(v)=-\FT-\dx (33)

where FT is the tether tension. For steady state, the tether
tension is a function of x9

(34)FT = 3co2/[ms + mt(l -

After substitution of Eqs. (34), (12b), and (13) into Eq.
(33) and some sequence of algebraic manipulations, it is
obtained that

f -
Js,t

where

Similarly, in Eq. (26),

(35)

(36)

(37)

Hence, from Eqs. (24-26), (NA + 2NB) modal equations
can be obtained as follows:

c) + 2(0' -

*m + E H + col

(38)

- 2(6' -

, +

+ (co2

(39)

; + 2(5' - 1) smtH^B'n - 2(0' - 1) cos<#>

2 V H C'
' * <t>n<t>fn n

m

\HXL ^"

(n = l,...,NB) (40)

where the terms //<$, H%>, and H%> represent the aerody-
namic forces, and Cdh represents the viscoelastic force co-
efficients.

System equations (20), (22), (23), (38), (39), and (40) are
(3 + NA +2NB) second-order nonlinear equations, where
only first-order nonlinear terms involving /'/" (important
during retrieval/deployment) are indicated.

Stability Analysis for In-Plane Motion with Tension
Control Law during Stationkeeping

In Ref. 3, an optimal control law based on tether length,
length rate, and in-plane (orbital) swing angle (9) and its rate
was introduced and stability conditions were developed for a
rigid, massless tether. In the present paper, the effect of the
massive tether's flexibility on the stability conditions will be
investigated further. For simplification, the longitudinal dis-
placement and aerodynamics are neglected; only the effect of
the transverse vibrational mode will be considered. Because of
the decoupling of the in-plane motion from the out-of-plane
motion after linearization of the system equations, the linear
equations for the in-plane motion during Stationkeeping are
obtained in the nondimensional variables g(A///c), 9, and
*?«(Q/O as follows:

W - 38) - £ K2nrj'n = FJ(ms + m,XX
(41)

0" + 39 - £ K3n(ri'n + lln) - K4sf = 0 (42)
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" + 30)

where

+ "0 =
= 2( 1 - ( - l

(43)

(44a)

(44b)

(44d)

A linear control law for tether tension levels related to the
in-plane variables and their rates is introduced according to

= -(Kes + Ke,s' + Ke6 + K0,9') (45)

where Ke, Ke>, Ke, and K# are the control gains (constants). In
state-variable format, Eqs. (41-43) can be written as

X' = AX (46)

where

A = {ay} (47)

and ay are functions of the system parameters and the control
gains. As a first step, we consider only the first vibrational
mode; hence, the system characteristic equation is given by

= 0 (48)

where at are functions of ay. The Routh-Hurwitz criteria can
be used to develop the stability conditions.

Let xl = Ke,yl = K& for the control gains Ke, Ke>, xl9 and yl9
the following stability conditions can be obtained:

K&, > fl66(if CM = 0 then a66 = 0)

+'D33y2! .+ £34*1 + />35Ji + -^36 > 0

D41X\

..+ ^47^1 + ̂ 48^1 + ^49^1 +'D41Q > 0

D5lx\ 4- D52x\yi

+ D57x \yl

i + D515> 0

(49a)

(49b)

(49c)

(49d)

1

(496)

(490

where Z>2|, D3l, Z)4/, and D5i are complicated functions of the
system parameters and control gains Ke and Ke>.

For given Ke and ̂ , which satisfy conditions (49a) and
(49b), the regions where conditions (49c-49f) are satisfied can
be obtained in the control gain space (x^yj. When more
vibrational modes are to be considered similar stability re-
gions can be obtained. One of the typical results is shown in
Fig. 2.

The results show that the stability conditions involving the
control parameters Ke and Ke, for the flexible tether are similar
to those for the rigid tether. However, the stability region
dependent on the control parameters Ke and KQ, for the
flexible tether is reduced as compared with that for the rigid
tether. Also, the size of the stability regions for the system,

10
1.13
= 6.32

. = 6.52
, _ 3.83

1— — rigid massless tether
2 ———— rigid massive tether
3 ——.—— flexible tether (N=l)
A—— ——flexible tether (N=3)
5—-——flexible tether with natural damping

(C, /« = 0.065)
Q2

-5 0
Ke

Fig. 2 Comparison of stability regions.

where two or three vibrational modes are to be considered, is
reduced as compared with that for the system where only one
mode is to be considered. However, the size of the stability
region when two modes are retained is nearly the same as that
for the case where three modes are included. Finally, with
tether natural damping (Cd2 ^ 0) the stability region can be
enlarged in the K0,K0, parameter space (the case of one
vibrational mode is included, curve 5).

For Rupp's control law (x1 =yi = 0), it was obvious that
the stability conditions in the control parameter space (Ke,Ke>)
are given by (assume Cd2 = 0)

(50)

e,)>0, D410(Ke,Ke,)>0

D5l5(KE,Ke,)>0

It is demonstrated that the conditions of (50) are equivalent
to the conditions

0 Ke

and

(51a)

(51b)

for a single transverse tether mode [from numerical results
(not shown) the inclusion of additional modes will not greatly
affect this stability boundary in parameter space]. According
to Eq. (36), condition (51 b) is always satisfied for any \JL.
Hence, the stability conditions are (5la), which are the same
as those for the massive, rigid tether.

Optimal Control Including First Transverse Vibrational
Mode Feedback during Stationkeeping

The linearized equations, including the first vibration mode
for in-plane motion, can be written in the following state-vari-
able format:

(52)
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Table 1 ORACLS subroutines 12

5.0 4.0 1.81 0.45 7.16 -0.85

Table 2 System parameters

Satellite Tether

Mass, kg

Drag area, m2

Diameter, mm
Drag coefficient

Axial stiffness, (AE)N

550 485
(100km length)

2.01
1.91

2.2 2.2
(normal)

0.2
(axial)
61,645

where XT = [99'88'rjlri'l]

0 1 0
-3 0 0

0 0 0
0 -2Ki 3/
0 0 0
0 0 0

1
0
0

0 0

025 026

0 0

0 K2

0 1
^65 066

(53)

BT=[Q 0 0 1 0 0 ] (54)

It has been verified that this system is still controllable using
only tether tension control, and it is also observable with the
measurements of s,e' and 9,9' or only £,e'. Thus, the first
flexible modal state variables (f/i,f/i) are available by estima-
tion with the measurement of z,e', or e,e' and 9,9', or,
possibly, by some additional measurements of tether trans-
verse displacement at selected points along the tether.

In order to improve the transient response of the system, a
flexible tether optimal state feedback control law based on
s,s', 9,9', and ly^f / i has been introduced. The optimal control
U, which minimizes the performance index

•-fJo
(TQX + UTRU) dt

is given by

U=-(R~1BTP)X = -KX

(55)

(56)

where Q is a positive semidefinite state penalty matrix, R a
positive definite control penalty matrix, and P the positive
definite solution to the steady-state Riccati matrix equation.

(57)~PAl -AfP + PBR~1BTP - Q = 0

For a set of typical parameters—^ = 550/485 = 1.13,
/c = 100 km, R = 5, and Q = 10(5iy—the optimal gains are
given by using subroutines from ORACLS12 in Table 1.

The results of system simulation show that the transient
response can be improved significantly with this optimal
control law. It will be discussed in the next section.

System Simulation and Results
The nonlinear and coupled differential equations [(20), (22),

(23), (38^0)] were integrated numerically to investigate the
system responses for different control laws and disturbance
forces during stationkeeping, retrieval, and deployment.

l\l\l\l\^^

-l

y = 1.13 Kg K£ , Ke Kg , Kni K n »
1 ————— 6.0 3.46 1

2 ——.—— 6032 3.86 2.79 0.02
3 ————— 5 4 1.81 0.45 7.16 -0.85

2 3 4
Time (hours)

2Q Pitch (deg)

10

-10

-20

u= 1.13 Ke K£I Ke Ke f Si S'
1 ————— 6.0 3.46
2 ———.——— 6.32 3.84 2.79 0.02
3 —————— 5 4 1.81 0.45 7.16 -0.85

L A\
0 1 2 3 4 5 6

Time (hours)
Fig. 3 Comparison of transient responses for three linear control laws
with aerodynamics.

The system parameters in Table 2 are adopted as provided
by the 1987 NASA/PSN Tether Applications Simulation
Working Group.

Stationkeeping
A typical comparison of transient responses for the three

different control laws with aerodynamics is shown in Fig. 3. It
is seen that Rupp's control law could be used to control the
in-plane swing angle successfully (Fig. 3b, curve 1) during
stationkeeping, but it is not very effective for damping the
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Pitch (deg), (^(km) Length (km), Tension (N)

0 1 2 3 4 5
Time (hours)

Fig. 4 Stationkeeping (unstable case) using linear control.

in-plane vibrations (Fig. 3a, curve 1). The transient responses
for Bainum's optimal control law based on e,e' and 0,0' are
faster than those for Rupp's control law (Figs. 3a and 3b,
curve 2). The transient response can be further improved by
including the state feedback of the first vibrational mode into
the optimal control law (Figs. 3a and 3b, curve 3). Consider-
able improvement is noted in both the in-plane swing angle
and, especially, the first vibration modal amplitude.

For verifying the results of the stability analysis, a typical
unstable transient response for a control law, whose control
gains are chosen intentionally in the unstable region, is shown
in Fig. 4.

Nonlinear Control Law for Retrieval
The retrieval is basically an unstable procedure. With the

exponential commanded length /c = £0e~t/p, Rupp's tether
tension linear control strategy based on length and length rate
could be used for retrieval, but large-amplitude out-of-plane-
swing oscillations, which approach 60 deg for a 6-h retrieval
(from 100 to 1 km), could be noticed. Meanwhile, it is found
that there is not much improvement for the out-of-plane
swing motion by using other linear control laws. Modi et al.
introduced some nonlinear control strategies for a tether
length rate control law13 and a tension control law5 in the
form of T = K^ + K^S' + K^'2. The results showed that
the amplitude of the out-of-plane swing angle could be signifi-
cantly reduced; however, during our simulation, it was found
that it is better if the control gain K^2 is dependent propor-
tionally on the tether length in order to keep the tether taut
because the tether tension is approximately proportional to
the tether length. In addition, it is observed that the nondi-
mensional vibrations rjn are increased gradually during re-
trieval, and as the gain K^2 is increased (absolute value) the
vibrations are also increased; thus, the amplitudes of the
vibrations should be considered for choosing control gains. In
the present paper, an additional nonlinear tension control law
is to be introduced in the following form:

F = - + mt)co2
c[Fc

+ FK5(j>f2)] (58)

in order to improve further the performance of the system.
Note that the terms underlined were not included in Ref. 5.

It is difficult to use analytical methods to derive control
gains for such nonlinear equations. Hence, for choosing the

400

300

200

100

F .« -(m -hn )o) [Ftx s t c c

-10

0 1 2 3 4 5 6
Time (hours)

Fig. 5 Retrieval with nonlinear control law and aerodynamics.

control gains, the performance criterion will be introduced.

. = { ( T\(B
(Jo

+ d t / T f

(59)

(60)

(61)

where 7} is the desired retrieval time and Q2 a weighting
coefficient. By simulation, some of the better control gains
(resulting in a smaller /) can be obtained for specific initial
conditions and essentially the same retrieval times, where the
tether remains taut throughout the operation. One set of
typical control gains is given in Table 3. Under conditions of
approximately 6.2-h retrieval from 100 km to 1 km and with
0(0) = 0(0) = 5.7 deg, Q2 = 1, according to simulation results,
the following conclusions could be reached: first, the ampli-
tudes of the swing angles 9 and 0, especially <£, are reduced
greatly (Fig. 5) as compared with Rupp's control law, and the
transient responses are also better than those based on the
control law in Ref. 5 (Fig. 6); second, the nondimensional
vibration r\n is increased gradually, and, as the gain, FK5, is
increased (absolute value), the responses of 9 and <j) are
improved (Jl decreased), but the amplitude of the transverse
vibrations B and C (so J2) is increased. Therefore, J2 and the
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Length (km), Tension (N)

400

300

200

100

30

20

F = - (m -hn )u>2[F +7Afc+4A£l-30c!> '2]tx s t c c

'A
Tension

Pitch', Roll (deg)

Roll

A. ft !! ll IS ll

0 1 2 3 4 5 6
Time (hours)

Fig. 6 Retrieval with nonlinear control law and aerodynamics.

Table 3 Typical control gains

.FKl FK2 FK3 FK4 FK5

1 4 -40 10 -20

weight coefficient, Q2, should be included in the system per-
formance index, /, in order to reduce the vibration ampli-
tudes.

By numerical means, on a case-by-case basis, it is seen that
the nonlinear control law remains effective in the nearby
region of initial conditions; however, the vibrational ampli-
tudes are increased gradually during retrieval. As a result of
large in-plane vibrational amplitude (over 1 km), at the end of
a retrieval it is recommended that after half of the retrieval
this operation should be stopped and a stationkeeping proce-
dure carried out. Simulation results show that, by the end of
retrieval, the first vibrational amplitude could be reduced to
0.1 km, using the previously introduced stationkeeping con-
trol law for a 3-h stationkeeping at 20 km length, before the
retrieval is again resumed.

Simulation results show that the damping of the higher
vibrational modes is not very effective with the present control
law. However, the results indicate that most of the vibrational
displacement is attributed to the first vibrational mode during

retrieval. An extension to the present study could consider the
damping of the higher vibrational modes.

Conclusions
1) The tether flexibility significantly affects the stability

conditions, which depend on the control gains of the in-plane
swing angle and its rate. The size of the stability regions for
the flexible tether is reduced considerably as compared with
that for the rigid, massive tether; the size of the stability
regions when two transverse modes are included in the model
is nearly the same as that for the case where three modes are
included.

2) Rupp's law is not very effective for damping in-plane
tether vibrations, but an optimal tension control law, includ-
ing the feedback of the first vibrational mode, can be used to
damp both tether vibrations (especially the first vibrational
mode) and the in-plane swing angle effectively.

3) A nonlinear tension control law, which includes nonlin-
ear feedback of the tether length, and in-plane and out-of-
plane swing angles and their rates could be used successfully
for retrieval. The amplitudes of the in-plane and out-of-plane
swing angles are reduced significantly. Since the nondimen-
sional vibrations are increased gradually during retrieval, a
vibrational performance index should be considered for
choosing the nonlinear control gains.

4) Because of the large in-plane vibrational amplitude
(over 1 km), at the end of a retrieval it is recommended that
after one-half of the retrieval this operation should be stopped
and a stationkeeping procedure carried out, before the re-
trieval is again resumed.

References
^isra, A. K., and Modi, V. J., "A Survey on the Dynamics and

Control of Tethered Satellite Systems," Tethers in Space, Advances in
the Astronautical Sciences, Vol. 62, American Astronautical Society,
San Diego, CA, 1987, pp. 667-719.

2Rupp, C. C., "A Tether Tension Control Law for Tethered
Subsatellites Deployed Along the Local Vertical," NASA TMX-
64963, Sept. 1975.

3Bainum, P. M. and Kumar, V. K., "Optimal Control of the
Shuttle-Tethered-Subsatellite System," Acta Astronautica, Vol. 7,
May 1980, pp. 1333-1348.

4Bainum, P. M., Diarra, C. M., and Kumar, V. K., "Shuttle-Teth-
ered Subsatellite System Stability with a Flexible Massive Tether,"
Journal of Guidance, Control, and Dynamics, Vol. 8, March-April
1985, pp. 230-234.

5Modi, V. J., Chang-fu, G., Misra, A. K., and Xu, D. M., "On the
Control of the Space Shuttle Based Tethered Systems," Acta Astro-
nautica, Vol. 9, June-July, 1982, pp. 437-443.

6Santini, P., "Stability of Flexible Spacecraft," Acta Astronautica,
Vol. 3, Sept.-Oct. 1976, pp. 685-713.

7Bainum, P. M., Kumar, V. K., and James, P. K., "The Dynamics
and Control of Large Flexible Space Structures, Part B: Development
of Continuum Model and Computer Simulation," NASA CR-156976,
May 1978.

8Banerjee, A. K. and Kane, T. R., "Tether Deployment Dynam-
ics," The Journal of the Astronautical Sciences, Vol. 30, No. 4,
Oct.-Dec. 1982, pp. 347-365.

9Misra, A. K. and Modi, V. J., "Frequencies of Longitudinal
Oscillations of Tethered Satellite Systems," AIAA Paper 86-2274,
Aug. 1986.

10Misra, A. K. and Modi, V. J., "A General Dynamical Model for
the Space Shuttle Based Tethered Subsatellite System," Astrodynamics
1979—Advances in the Astronautical Sciences, Vol. 40, Pt. II, Amer-
ican Astronautical Society, San Diego, CA, 1980, pp. 537-557.

HBaker, W. P., Dunkin, J. A., Galabott, Z. J., Johnston, K. D.,
Kissel, R. R., Rheinfurth, M. H., and Giebel, M. P. L., "Tethered
Subsatellite Study," NASA TMX-73314, March 1976.

12Armstrong, E. S., ORACLS—A Design System for Linear Multi-
variable Control, Marcel Dekker, New York, 1980.

13Xu, D. M., Misra, A. K., and Modi, V. J., "Three Dimensional
Control of the Shuttle Supported Tethered Satellite System During
Deployment and Retrieval," Proceedings of the 3rd VPISUJAIAA
Symposium on Dynamics and Control of Large Flexible Spacecraft,
Virginia Polytechnic Inst. and State Univ., Blacksburg, VA, June
1981, pp. 453-469.


